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by P.G. Vaidya 
I n s t i t u t e  of Sound and Vibra t ion  Research 
Univers i ty  of  Southampton, England. 
A s  a  f i r s t  s t e p  i n  c a l c u l a t i n g  t r a n s i e n t  p re s su re  t ime-his tor ies  i n  
rooms, due t o  son ic  booms, a s o l u t i o n  i s  sought f o r  t h e  p re s su re  f i e l d  
genera ted  i n s i d e  a room due t o  an incoming harmonic wave, i nc iden t  onto 
a window. 
The b a s i c  problems of sound r a d i a t i o n  and d i f f r a c t i o n ,  r e l a t e d  t o  t h i s  
problem, a r e  f i r s t  discussed.  These a r e  made use of t o  ob ta in  a  s o l u t i o n  
i n  t h e  case of a room wi th  hard wa l l s  and normal inc idence ,  f i r s t  by viewing 
t h e  room a s  a  te rmina ted  duct  and l a t e r  by t h e  Green's func t ion  method. 
The concept of  t h e  mode e x c i t a t i o n  d i s t r i b u t i o n  func t ion  i s  in t roduced  
and i s  used t o  match t h e  boundary condi t ions .  This concept has been extenfied 
f o r  ob l ique  incidence.  Some gene ra l  p r o p e r t i e s  of t h e  d i s t r i b u t i o n  func t ion  
have been derived.  
Extension of t h e s e  r e s u l t s  t o  t r a n s i e n t  p re s su re  f i e l d s  i s  being 
presented  i n  a  subsequent r e p o r t  ( p a r t  2 ) .  
INTRODUCTION 
The i n t e r e s t  i n  t h e  t ransmiss ion  of son ic  booms through open windows 
i n s i d e  rooms i s  mainly from t h e  s u b j e c t i v e  p o i n t  of view. I n  a  gene ra l  
sense ,  by t h e  term open window i s  meant any opening l e f t  i n  t h e  w a l l  f a c i n g  
t h e  boom. Such openings, even if they  a r e  small, can transmit an appreci-  
a b l e  amount of sound. The c h a r a c t e r i s t i c s  of t h e  sound f i e l d  i n s i d e  t h e  
room depend on t h e  geometry of t h e  window, t h e  l o c a t i o n  of t h e  window, 
dimensions of t h e  room and t h e  c h a r a c t e r i s t i c s  of t h e  boom. 
The main t a s k  of t h i s  and t h e  nex t  r e p o r t  i s  t o  descr ibe  t h e  methods 
of computing t h e  c h a x a c t e r i s t i c s  of  t h e  p re s su re  f i e l d  i n s i d e  t h e  rooms 
once t h e  c h a r a c t e r i s t i c s  of t h e  boom a r e  known. There a r e  s e v e r a l  methods 
a v a i l a b l e .  Usually t h e  boom i s  descr ibed  i n  terms of i t s  p re s su re  time- 
h i s t o r y .  One method of ana lys i s  i s  t o  obta in ,  f i r s t l y ,  t h e  spectrurn of t h e  
sonic  boom i n  t h e  frequency domain. This can r e a d i l y  be done a n a l y t i c a l l y  
(1) i f  t h e  time h i s t o r y  i s  given by an a n a l y t i c  expression (e .g . ,  an Bll' o r  
modified 'N' wave wi th  prescr ibed  dura t ions ,  r i s e  times, e t c .  ), o r  t h i s  can 
be done experimentally by analysing t h e  s i g n a l s  by a  s p e c t r a l  analyser ,  
Then t h e  s teady s t a t e  response of each frequency component i s  computed t o  
a r r i v e  a t  t h e  frequency spectrum of the  response ins ide  t h e  room, 
However, it appears t h a t  f o r  t h e  sub jec t ive  judgement of t h e  loudness of 
t h e  boom, it i s  t h e  e a r l i e r  p a r t  of t h e  s i g n a l  ( f i r s t  70 mil l iseconds,  s ay )  
which i s  most c r u c i a l  ( 2 ) .  Lochner and Burger (3 )  have devised c r i t e r i a  
based on such assumptions t o  p r e d i c t  t h e  r e l a t i v e  loudness of various tran- 
s i e n t  sound s igna l s  once t h e i r  time domain desc r ip t ion  i s  known. Therefore 
t h e r e  i s  a  considerable i n t e r e s t  i n  obta in ing  t h e  f i n a l  response i n  t h e  
time domain. 
The procedure t h a t  i n  p r a c t i c e  leads  t o  f a i r l y  accura te  r e s u l t s  cons i s t s  
of obta in ing  t h e  s teady s t a t e  response of t h e  system i n  t h e  frequency Oomaii: 
and then obta in ing  t h e  Laplace t ransform of t h e  so lu t ion  i n  the  time domain, 
This p a r t  of t h e  r e p o r t  mainly descr ibes  t h e  f i r s t  p a r t  of t h i s  method-: i , e  , , 
t h e  s teady s t a t e  so lu t ion .  
Another p r a c t i c a l  method i s  t o  work throughout i n  t h e  time domain, This 
i s  achieved by considering t h e  t r a n s i e n t  d i f f r a c t i o n  p a t t e r n  generated due t o  
t h e  passage of t h e  boom through a  s i n g l e  aper ture  f i r s t  and then t o  swn up 
the  cont r ibut ions  due t o  various ape r tu res  s i t u a t e d  a t  t h e  various image 
pos i t ions  of t h e  window, crea ted  due t o  t h e  presence of wal ls .  (4, see  p,344, 
5 )  This method w i l l  be b r i e f l y  described i n  t h e  t h i r d  r e p o r t .  
SYMBOLS 
width of t h e  room 
amplitude of the  inc iden t  wave 
he ight  of t h e  room 
speed of sound 
depth of t h e  room 
base of the  n a t u r a l  logari thm 
defined by equation ( 3.3.7) 
fo rce  
Green's func t ion  i n s i d e  t h e  room 
Green's func t ion  f o r  a h a l f  i n f i n i t e  space 
de f ined  by equat ion (2.4.13) 
square r o o t  of  minus one 
def ined  by equat ion  (1.2.8)  
wave number (= w/c) 
cut-off wave number, s ee  equat ion  (2.3.4)  
modal parameter 
mob i l i t y  of an o r i f i c e  
modal parameter 
a c o u s t i c  pressure phasor 
s e e  equat ion (2.2.1)  
s e e  equat ion (2.2.3) 
t l l  parameter f o r  t h e  ( m y  n )  mode, s e e  equat ion (2.3.7)  
r a d i a l  d i s t ance  
r a d i a t i o n a l  r e s i s t a n c e  
c ross  s e c t i o n a l  a r e a  of an o r i f i c e  
c ros s  s e c t i o n a l  a r e a  of  a duct  
t ime 
k i n e t i c  energy 
un i fo rn  v e l o c i t y  
v e l o c i t y  i n  gene ra l  
v e l o c i t y  i n  gene ra l  
coord ina tes  
6 .  Kronecker d e l t a ,  has a  value of one i f  i = j and of zero i f  i $ j 
1 , j  
a  parameter which i s  equal  t o  two i f  j = 0 and i s  equal t o  /two 
otherwise 
v e l o c i t y  p o t e n t i a l  (ve loc i ty  being t h e  p o s i t i v e  gradient  of 
v e l o c i t y  p o t e n t i a l )  
r a t i o  of t h e  window width t o  t h e  room width 
r a t i o  of t h e  window height  t o  t h e  room height  
dens i ty  
mean dens i ty  
normalised eigenf unction 
c i r c u l a r  frequency 
genera l i sed  frequency ( s e e  (2.2.10) ) 
c h a r a c t e r i s t i c  impedance 
1.1 RADIATION IMPECANCE OF ORIFICES I N  
PLANE INFINITE SCREENS 
One of t h e  most important c h a r a c t e r i s t i c s  of an o r i f i c e  i s  i t s  radia,tioa 
impedance. For 'plane waves" it i s  defined as  t h e  fo rce  F requi red  t o  aove 
a i r  i n  t h e  plane of t h e  opening as ZL r i g i d  p i s ton ,  with nouna.1 ve? oci t y  V: 
I n  genera l  t h e  impedance i s  a complex quan t i ty ,  and it i s  customary 
t o  express it as  
where t h e  r e a l p a r t R  i s t e r m e d a s  theradiationalresistance a n d t h e  term 
r d 
my i s  cal led,by an ana?ogy wi th  a  simple o s c i l l a t o r  problem, t h e  e f f e c t i v e  
mass of t h e  f l u i d  ou t s ide  t h e  opening. This mass can thus  be regarded t o  be 
a t t ached  t o  t h e  p i s ton .  
For a  p i s ton  i n  an i n f i n i t e  r i g i d  b a f f l e  with a  v e l o c i t y  a t  a  poin t  on 
t h e  p i s ton  equal  t o  ~ ( x '  , y ' , 0 )  t h e  ve loc i ty  p o t e n t i a l  @ a t  a poin t  i n  
space i s  given by ( see ,  f o r  example, re ference  18, p. 807) 
1 
r n ( x , ~ , z )  = j jv(xv, y l ,  0 )  ~ ( x ,  y, z / x l ,  y t ,  o ) d x v y V ,  (1.1.3) 
S 
where the  Greents function f o r  t h e  ha l f  space i s  given by 
When the  p i s ton  ve loc i ty  i s  uniform, i . e .  v ( x ' , ~ ' , o )  = U, a constant ,  
the  ve loc i ty  p o t e n t i a l  i s  given by 
and the  pressure i s  given by 2 : i . e . ,  
a t  
- i w p  U 
o j j~(x,y,z/x~,y~,~)dx~~yq. P ( X , Y , Z )  = -q--- (1-1-6) 
S 
The pressure a t  z  = 0  ( i . e . ,  along the  plane of the  aper tu re )  can 
be wr i t t en  as 
i f  we define 
The t o t a l  force F on t h e  p is ton moving with a  uniform veloci ty  
U over t h e  o r i f i c e  i s  thus 
s 
A t  lowfrequencies  t h e G r e e n v s  function 
~ ( x , y , O / x \ ~ ~ , ~ )  i s  
approximated by the  first  two terms of i t s  expansion i n  k G G T f i r - 7 T 2 :  
A s u b s t i t u t i o n  i n  (1.2.8) and then i n  (1.2.9) followed by a  comparison 
with (1.2.2) leads  t o  t h e  fol lowing r e s u l t s  
and 
Further  t h e  k i n e t i c  energy i s  given by 
1.2 THE TRANSMISSION OF SOUND THROUGH APERTURES 
I N  PLANE INFINITE SCREENS 
Attempts a t  mathematical so lu t ions  of t h i s  d i f f r a c t i o n  problem go baeh 
t o  t h e  days of Rayleigh (6 ) .  Only comparatively r e c e n t l y  ( 7 ,  8 ,  9) r e s u l t s  
have been obtained which a r e  v a l i d  over a  l a r g e  frequency range. Experi- 
mental i nves t iga t ions  have been repor ted  f o r  c i r c u l a r  and rec tangular  p l a t e s  
(10, 11, 12) .  
Following t h e  argument by Rayleigh an inc iden t  wave 4 i s  considered 
t o  impinge upon a  plane r i g i d  i n f i n i t e  screen containing an o r i f i c e  of 
c ross  s e c t i o n a l  a r e a  S, a s  shown i n  Figure 1. I f  the  screen had continued 
across  t h e  o r i f i c e  a  block r e f l e c t e d  wave @2 would have been ob ta in la .  
Thus i f  be given by 
then 
-ikz - i w t  @ 2 = A e  e  
However, t h e  passage of sound through t h e  o r i f i c e  gives r i s e  t o  a  
ve loc i ty  d i s t r i b u t i o n  V(x' ,y '  ,O) across  the  sur f  ace S, which i n  t u r n  
gives r i s e  t o  two f u r t h e r ,  p a r t i a l  v e l o c i t y  p o t e n t i a l s :  m 3  f o r  z < 0 
and 44 f o r  z  > 0: 
Incident wave 
a,= Aeikz ,- iwt Y 
Diffracted wave $3 
-
FIGURE 1 
The transmission of sound through aper tures  i n  in f in i . t e  
screens ;  t h e  f i g u r e  shows how a harmonic wave, inc ident  
normall-jr onto t h e  screen gives r i s e  t o  various wave 
systems. 
t h e  outward normal convention being followed. 
The con t inu i ty  of v e l o c i t y  p o t e n t i a l  condit ion across t h e  su r face  
S gives 
2A + m3(x,y,0) = ~ 4 ( x , y , 0 ) ,  f o r  ( x ,  y )  i n  S: 
and the re fo re  
m4(x, Y,  0 )  = -m3(x, Y. 0 )  = A. (1*2-5) 
This leads  t o  the  w e l l  known r e s u l t  t h a t ,  f o r  extremely t l i in  o r i f i c e s ,  
t h e  v e l o c i t y  p o t e n t i a l  across  the  o r i f i c e  i s  t h e  same a s  t h a t  which would 
have been t h e r e  due t o  t h e  incoming wave i n  t h e  absence of t h e  screen ,  
A s i m i l a r  assumption, which i s  q u i t e  s a t i s f a c t o r y  i n  o p t i c s ,  namely 
t h a t  t h e  normal v e l o c i t y  a t  t h e  o r i f i c e  i s  t h e  same a s  t h e  incoming wave 
v e l o c i t y ,  leads  t o  se r ious  e r r o r s  ( 6 ,  p.140). 
The normal v e l o c i t y  a t  t h e  ape r tu re ,  i n  f a c t ,  r i s e s  very s t eep ly  near  
t h e  edges. For an i n v i s c i d  f l u i d  and i n f i n i t e s i m a l  thickness of t h e  screen 
it goes t o  i n f i n i t y  a t  t h e  edges. I n  p r a c t i c e ,  however, t h e  viscous los ses  
a t  t h e  edge and f i n i t e  thickness of t h e  screen make t h i s  r i s e  eonsiderably 
smal ler .  
The v e l o c i t y  i s  appreciably uniform near  t h e  cent re  of t h e  aper ture  and 
t h e  sharp  r i s e  i s  r e s t r i c t e d  t o  such a smal l  a r e a  t h a t  t h e  e x t r a  contribution 
t o  t h e  i n t e g r a l  (1 .3 .4) ,  f o r  example, i s  comparatively small .  Rsci~evkin 
(11, see  p.220) has est imated t h a t  an e r r o r  due t o  assuming t h a t  t h e  ve loc i ty  
i s  uniform ( y e t  d i s t i n c t  from f r e e  f i e l d )  i s  about 7.5%. 
Once a uniform ve loc i ty  assumption i s  made r e s u l t s  of t h e  previous 
sec t ion  become appl icable .  Ingers lev  and Nielsen (12,  p.7) have shown how 
t h i s  method can be used with some modif icat ions t o  a r r i v e  a t  f a i r l y  good 
approximations. 
The parameter of most i n t e r e s t  here ,  a s  w i l l  be explained i n  t h e  next  
chapter ,  i s  t h e  acous t i c  mobil i ty,  M y  ( a l s o  known a s  t h e  conductivi ty of 
an o r i f i c e .  S t r i c t l y  t h e  concept of mobil i ty i s  appl icable  i n  t h e  case 
of an incompressible flow. However, f o r  low frequency waves, f a i r l y  good 
r e s u l t s  can be obtained by using t h e  concept. Van Blade1 (13)  has shorn 
t he  method t o  extend t h e  s t a t i c  r e s u l t s  t o  higher  frequencies.  
When a  f l u i d  passes through an ape r tu re ,  i t s  s t reaml ines  a r e  eon- 
s t r a i n e d  t o  pass through a  r e s t r i c t e d  region.  This leads  t o  an inc rease  
i n  t h e  k i n e t i c  energy of t h e  f l u i d .  Let us denote t h i s  k i n e t i c  energy 
by T2. Now the  mobi l i ty  of the  f l u x  i s  defined by t h e  fol lowing equation: 
- 1 T2 - 2 ~ ,  M ( 1 , 2 , 6 )  
where D i s  t h e  t o t a l  instantaneous volume flow through t h e  o r i f i c e ,  
I f  t h e  volume flow were uniformly r e d i s t r i b u t e d  over t h e  cross s e c t i o n a l  
a rea ,  S, and i f  t h e  k i n e t i c  energy were found, we would have obtained a  value 
which, i n  accordance wi th  Rayleigh's p r i n c i p l e ,  would have been g rea te r  i n  
magnitude than  T2. However, it would n o t  g r e a t l y  d i f f e r  f r o n  T2 due t o  
i t s  s t a t i o n a r y  na ture .  A comparison wi th  (1.1.13) and (1.1.12) leads t o  the  
fol lowing approximate r e l a t i o n s  : 
and from (1.2.7)  and (1.1.10) 
Rela t ions  (1 .1 .2) ,  (1.1.11) and (1.2.7) l e a d  t o  the  following 
expression f o r  
'rad: 
These r e s u l t s  a r e  used i n  t h e  next  chapter .  It has been shown by 
Rayleigh ( 6 ,  s ee  p.178) t h a t  the  mobi l i ty  of a  c i r c u l a r  o r i f i c e  i s  equal 
t o  i t s  diameter. He a l s o  showed t h a t  the  mobi l i ty  of an e l l i p s e  was 
given by 
e  
4 6 
e  N = 2& (1 + a + + higher te rms) ,  
4 
where S i s  t h e  cross s e c t i o n a l  a r e a  and e  i s  t h e  e c c e n t r i c i t y .  
For o r i f i c e s  of n o t  too  elongated shapes, an approximate value of the  
mobi l i ty  i s  given by t h a t  of a c i r c l e  with t h e  same a r e a  a s  t h a t  of t h e  
o r i f i c e :  e .  , M = 2 m * .  For a r ec tang le ,  it has been suggested. i n  
reference  (12)  t h a t  an e l l i p s e ,  wi th  t h e  same a rea  as  t h a t  of t h e  rec tangle  
and same r a t i o  of major and minor axes a s  t h e  r a t i o  of t h e  s i d e s  of t h e  
r ec tang le  would give an even more accura te  r e s u l t .  
The r e l a t i o n s h i p  between t h e  imaginary p a r t  of t h e  r a d i a t i o n  impedance 
and t h e  mobi l i ty  has been used by Morfey (14)  t o  provide formulae f o r  
various shapes . 
When t h e  screen has an appreciable th ickness  t h e  expressions f o r  
mobi l i ty  and f o r  t h e  sound transmission i n  genera l ,  must be modified, 
These modif icat ions have been d e a l t  with by Nielsen (15)  and Gomperts ( 1 6 ) ,  
Transmission of sound through an aper ture  a t  an oblique incidence has 
been discussed by Miles (17) .  A common f e a t u r e  t o  be noted I s  t h a t  t h e  
dependence of t h e  t r ansmi t t ed  i n t e n s i t y ,  e t c . ,  on t h e  cosine of t h e  angle 
from t h e  normal i s  only i n  c o e f f i c i e n t s  of f a c t o r s  of order  (ka j2  o r  
higher .  It thus appears t h a t  a t  low frequencies we can use t h e  same values 
f o r  mobi l i ty  f o r  sound f i e l d s  inc iden t  a t  an angle not  t o o  oblique,  as i n  
t h e  case of normal incidence.  This r e s u l t  i s  again made use of i n  the  
next  chapter .  
2 .1  A SIMPLIFIED MODEL 
I n  t h i s  chapter a s teady s t a t e  so lu t ion ,  of a s i m p l i f i e d  model of t h e  
room, i s  considered. The model i s  sketched i n  Figure 2a. 
J A .  
8 
0 
C 
- 
E -1 
FIGURE 2a 
I 
A s e c t i o n a l  end view of t h e  room and t h e  f r o n t  view i s  shown. The 
plane harmonic wave i s  n o r m l l y  inc iden t  onto t h e  face GE. 
9 
The outer  wa l l ,  FEY extends i n d e f i n i t e l y  on both t h e  s ides  and. con- 
t a i n s  an open, c e n t r a l l y  s i t u a t e d ,  rec tangular  window. A plane wave, of 
radian  frequency w i s  normally inc iden t  on it. An expression f o r  t h e  
sound f i e l d  generated i n s i d e  t h e  room i s  t o  be obtained. 
This problem leads  t o  s e v e r a l  a n a l y t i c a l  problems of i n t e r e s t .  I t i s  
worth pursuing some of them, i n  order  t o  r e t a i n  g e n e r a l i t y ,  u n t i l  a  c l ea r  
phys ica l  p i c t u r e  of t h e  system i s  obtained. Thereaf ter  any s impl i fy ing  
assumptions of i n t e r e s t ,  f o r  example t h a t  w is  very small  (o r  t o  be 
s p e c i f i c  t h a t  t h e  corresponding wavelength i s  many times g rea te r  than -the 
room dimensions a ,  b  and d  and/or many times g rea te r  than t h e  vindlow 
dimension X a  and X b ) ,  can be made. I n  p a r t i c u l a r ,  t h e  assumption 1 2 
t h a t  t h e  window perimeter i s  r e l a t i v e l y  small  compared with r ep resen ta t ive  
wavelengths i s  e s p e c i a l l y  r e l evan t ,  s ince  t h e  predominant frequencies 
encountered i n  t h e  sonic  boom spectrum a r e ,  i n  genera l ,  low i n  t h i s  sense ,  
The problem i s  t h a t  of seeking a  so lu t ion  t o  t h e  wave equation f o r  
t h e  given boundary condit ions.  These condit ions would be sonie s o r t  of 
impedance condit ions on a l l  t h e  walls  and con t inu i ty  condit ions across 
t h e  window. 
A b r i e f  account was given i n  t h e  l a s t  chapter of t h e  r e s u l t  t h a t  i n  
t h e  case of a  t h i n  i n f i n i t e  screen ( i n  the  absence of a  backing cavi ty ,  
e t c . )  t he  p o t e n t i a l  a t  t h e  window due t o  an incoming, normally incid-ent,  
wave i s  t h e  same as  t h e  incoming p o t e n t i a l .  This r e s u l t  i s  no longer 
v a l i d  i n  t h e  p a r t i c u l a r  problem of i n t e r e s t  here  because t h e  room i s  
capable of r e r a d i a t i n g  back i n t o  t h e  open, and the  assumption of symmetry 
across  GE i s  not  v a l i d .  
Looking from another  poin t  of view t h e  problem i s  analogous t o  tinat of 
a  Helmholtz resonator  which i s  ex te rna l ly  exci ted .  This analogy shovs 
t h a t  t h e r e  would be a  s i g n i f i c a n t  frequency dependence of t h e  system, A 
behaviour s i m i l a r  t o  t h e  c a v i t y  resonance may w e l l  be expectecl a t  t h e  r ig l i t  
s o r t  of frequencies.  This s impl i f i ed  model i s  modified by the  Pact t h a t  
higher  order  modes w i l l  be s e t  up i n  t h e  room t o  a varying degree and the  
usua l  formulae f o r  obta in ing  t h e  lumped c i r c u i t  elements of t h e  resocator  
w i l l  no t  be s a t i s f a c t o r y ,  except a t  very low frequencies.  
I n  what follows it has been t a c i t l y  assumed t h a t  t h e  magnitude of tlie 
v e l o c i t y  across  t h e  window, a s  shown i n  Figure 2 ,  i s  a l ready known, A 
s impl i f i ed  ca lcu la t ion  based on t h i s  assumption i s  f i r s t  made. The roon 
i s  assumed t o  be closed and t h e  window i s  replaced by a  p i s ton  possessing 
t h e  same v e l o c i t y  as  the  a c t u a l  v e l o c i t y  i n  the  i n i t i a l  problem. 
I n  sec t ion  (2.2), t h e  f i e l d  generated i n s i d e  a  room due t o  a  r i g i d  
p i s ton ,  moving with a  uniform ve loc i ty ,  i s  computed. Rigourously, t h i s  
p i s ton  should have been a  f l e x i b l e  p i s ton .  The method used here can be 
extended t o  a f l e x i b l e  p i s t o n  problem. However, t h e  r i g i d  p i s t o n  approach 
i t s e l f  i s  s u f f i c i e n t  t o  b r i n g  out  c l e a r l y  t h e  r e l evan t  parameters of t h e  
system. 
The procedure fol lowed i n  (2 .2)  has one advantage. The f i n a l  expression 
obta ined  t akes  an account of t h e  absorp t ion  i n  t h e  room. However, t h e  
i n i t i a l l y  assumed v e l o c i t y  i s  l e f t  indeterminate .  Even i f  t h i s  v e l o c i t y  
were t o  be known it i s  d i f f i c u l t  i n  p r a c t i c e  t o  compute accu ra t e ly  t h e  time 
domain behaviour from t h e  expressions such a s  (2.2.12).  Therefore a 
d i f f e r e n t  method i s  followed i n  (2 .3 )  which regards  t h e  room as  a "cerminaAted 
duc t .  
2.2 PRESSURE FIELD DUE TO A PISTON, 
SET I N  A WALL, I N  A ROOM 
The room shown i n  F igure  2 i s  considered. However, t h e  window i s  
rep laced  by a uniform r i g i d  p i s t o n  execut ing  a simple harmonic motion wi th  
- i w t  
v e l o c i t y  given by Ue . Let us  choose t h e  o r i g i n  a t  one of t h e  corners ,  
a a Also l e t  t h e  p i s t o n  cover t h e  a r e a  enclosed by -$l - hl) C x -(I 2 + hl) 
b b 
and -(1 - h2) y 5 q(l + h 2 )  Consider now a sma l l  e lementa l  a r e a ,  on 2 
t h e  p i s t o n ,  dxW1, centered  at x y  . This a r e a  a c t s  as  a source 
- i w t  
whose s t r e n g t h  q ( x , y y z ) e  i s  given by ~ ( x , ~ , z )  = Sp ~ G ( x - . x ~ ) ~ ( ~ - y  "&(z), , 
where 
Sp = dx'dy'. (2-2-1) 
- i w t  The a c o u s t i c  p re s su re  p (x ,y , z ) e  s a t i s f i e s  t h e  fol lowing erua t ion  
( 4 ,  s e e  ~ . 3 1 3 ) :  
I n  g e n e r a l  both p and q can be  expressed a s  s e r i e s  expansions i n  
t h e  normal func t ions  $ a m ( x y y y z ) :  
The func t ions  a r e  normalised or thogonal  func t ions  s o  t h a t  
For t h e  present  case 
Also one can express the  pressure  a s  
The ~ R m n  ls, i n  f a c t ,  s a t i s f y  the  homogeneous equation. It follows t h a t  
Subs t i tu t ing  t h i s  equation i n  (2.2.2) leads  t o  
a  
2 
= - ipc o QQm 2 2 R m n  cw - f i , n n ; l Y  
and the re fo re  
2 
-iut E +R, ( x '  , ~ ' , 0 ) + ~ ~ ( x ' ~ , z  dp(x ,y ,z)  = - ipc w dx'dydy" Ue 2  2  . (2*2*8) Rmn 
- R~mn 
When t h e  wal ls  a r e  p e r f e c t l y  r i g i d ,  it can be shown t h a t  
E E E 
- 
R m n  R r x  nrz 
+ R m n  mvY cos -cos -a  b  d  ' 
where 
E = 2 i f  j = 0 and E = fi i f  j = 1, 2 ,  j j ( 2 2 - 9 )  
I f ,  however, the  walls  a r e  not  absolute ly  r i g i d  and ye t  not too 
absorbent it can be shown ( reference  3) t h a t  t h e  0 ' s  above become Rmn 
complex. Thus 
Rv)2 2  nm- 2  - 
w R m n  c i(a + (T + ( 1  1 9 
where a represents  the  t o t a l  absorption of the  x-walls, e t e .  
X 
Thus neglec t ing  y on the  assumption of small  damping, Rmn 
m 
Rvx ' mvx nv z  
cos -cos - cos - 
a  
nvy cos -
X C a  b d 2 2 2  E E E 
R ,m,n*O - i(w2 - uzmn)] R m n  
c2wRmnpRmn 
The des i red  r e s u l t  i s  obtained when t h i s  expression i s  in tegra ted  
throughout t h e  a rea  of t h e  p is ton:  
R vx nm-z 2  2 
COS- cos - mTY cos -
a  b 
2 W R m n ~ R m n  - i ( u  R m n  S 
2 w 2 R nx nv z E CT cos - cos - mvY cos -
- P C  f.0 Ue 
- -  
- i w t  C R ,m a b d  d  
- i (w  2  L , rn,n=~ [ 2 : 2 ~ ~ ~ u ~ ~  - w2 I] Rmn 
eos b dx Qdy ' 
where 
s i n  e s i n  e 
- (-l)m/2(-l)n/2 m n  
0 - E  E V e  e m  (m,n even) k 2 m  ~m 'n 
= 0 (m or  n  odd) (2,2,i3) 
Each term i n  t h e  s e r i e s  (2.2.12) shows a  resonance behaviowr when 
- 
- 
and thus peak amplitudes a r e  reached f o r  t h a t  p a r t i c u l a r  mode, 
sub jec t ,  of course, t o  t h e  s p a t i a l  v a r i a t i o n  of t h e  numerators wit11 
( X ¶ Y , Z > .  
2 .3  TERMINATED DUCT APPROACH 
For t h e  o r i g i n a l  problem s t a t e d  i n  sec t ion  2.1, assume t h a t  the 
v e l o c i t y  p o t e n t i a l  of  t h e  incoming wave i s  given by t h e  equation 
where k  i s  t h e  wave number ( =  w/c).  The so lu t ion  i s  obtained by a 
combination of t h e  so lu t ions  of the  two problems described below: 
PROBLEM 'A' 
Infinite duct 
Window 
Incoming 
wave 
Win d ~ w  
iston 
FIGURE 2b 
The f i g u r e  shows two s i m p l i f i e d  problems whose ind iv idua l  solu.tions can 
be combined t o  obta in  t h e  so lu t ion  of t h e  problem presented  i n  Figure 2a, 
Problem A i s  t h a t  of an i n f i n i t e  duct with a  f langed opening on iv-bich 
i s  inc iden t  a  plane wave, and problem B i s  t h a t  of a  duct exc i t ed  by a 
f l e x i b l e  p i s ton ,  g iv ing  r i s e  t o  waves which pass down t h e  duct on one s i d e  
and pass through t h e  window out  i n t o  t h e  open on t h e  o the r  s i d e .  She 
s o l u t i o n  of these  problems i n  tu rn  i s  dependent on two c l a s s i c a l  problems: 
( i )  r a d i a t i o n  from a  source of sound i n  a  duct ;  (ii) d i f f r a c t i o n  o r  sound 
through an ape r tu re  i n  a  screen.  
The a n a l y t i c a l  t a s k  i s  considerably reduced i f  t h e  long wavelength 
assumption be made. This assumption may give r i s e  t o  considerable e r r o r s  
i n  t h e  region very near  t h e  edges of t h e  window. However, f a r  from these  
regions ,  t h e  ana lys i s  i s  e x p e c t e d t o  be reasonably accura te .  Also, If 
des i r ed ,  t h i s  assumption may be removed a t  a  l a t e r  s t a g e ,  and r e s u l t s  re-  
ca l cu la t ed  f o r  higher  frequencies,  a long t h e  l i n e s  ind ica ted  i n  sec t ion  2,4, 
I f  t h e  ou te r  w a l l  had continued i n  t h e  region occupied by t h e  window, 
a  block r e f l e c t e d  p o t e n t i a l ,  @2,  would be generated: 
This would give r i s e  t o  a  p o t e n t i a l  of amplitude 2A across t h e  su r face  
of t h e  b a f f l e  fac ing  t h e  wave. It i s  then argued t h a t ,  a s  f a r  as  t h e  duct 
i s  concerned, t h e  e f f e c t  of t h e  e x t e r n a l  per turbat ion  can be represented  by 
a  p o t e n t i a l  pe r tu rba t ion ,  of amplitude 2A, appl ied  a t  t h e  window. This 
pe r tu rba t ion  would give r i s e  t o  a  system of acous t i c  waves represented by 
mnx 
nny cos k* ze - i w t  43 = 2A 1 o cos - cos -mn a  b  , (2-3.3) 
m,n 
m,n 
It has been assumed t h a t  t h e  wal ls  a r e  r i g i d  and t h e  o r i g i n  i s  
s i t u a t e d  a t  t h e  corner .  The normalizing parameters,  o  sa t i s f3 i  
t h e  fol lowing condit ion:  m,n ' 
mnx 
COS -
a  
cos - 
a  I Om,n a  nny b  = 1, (if $1 - hl)  < x < -(l + h l )  and 
m,n 
2  
and 
b  b  
-i(l - h e )  < Y < ?(1 + h2)), 
= 0 ( i f  o therwise) .  
Thus a t  z = 0 ,  4'3 adds up t o  2A over t h e  window and t o  zero elsewhere, 
This  condi t ion  i s  used t o  eva lua te  o . Multiplying both sides a f  (2-3-5) 
mTx m,n by cos -
a 
cos and i n t e g r a t i n g ,  l eads  t o  b 
a b q( l + h l )  F( l + h 2 )  
2 nvy 
a b cos =cos a b dxciy, 
0 0 a b 4 1 - A  ) 4 1 - A 2 )  2 1 2  (2-3-6a) 
and t h e r e f o r e  
s i n  8 s i n  
o = ( 2  - 6 ) ( 2  - 6 ) ( - l )m'2(- l )b/2 AlA2 m 'n 
m,n o,m 0 
, (m,n botli? 
0 ,n 
m 11 even ) 
= 0 if e i t h e r  m o r  n i s  odd, (2,3,6h) 
where 
and 
6 = 1  i f m = O ,  
0 ,m 
= 0 i f  m # 0, e t c .  
I n  t h e  main problem, equat ion (2.3.3)  by i t s e l f  w i l l  s u f f i c e  a s  a 
s o l u t i o n  f o r  t h e  wave equat ion i n s i d e  t h e  room i f  it so  happens t h a t  
34' /az equals  zero.  I n  gene ra l  t h i s  i s  not  t h e  case and hence a balaricing 3 
s o l u t i o n  $4y  which r ep resen t s  waves r a d i a t e d  by a f l e x i b l e  p i s t o n ,  i s  
requi red .  These waves i n  t w n  c r e a t e  an a d d i t i o n a l  p o t e n t i a l  +5 ou t s ide  
t h e  window: i . e . ,  f o r  z < 0. 4'4 once again s a t i s f i e s  t h e  boundary 
condi t ions  a t  t h e  s i d e  wa l l s .  Thus it can be expressed a s  
m 4 =  1 R mn x cos - cos - n n y [ s i n k g  Z + Q  c o s k "  a .  
m ~ n  a b m ~ n  m ~ n  m.,n - 
m,n 
Q i n  gene ra l  i s  complex and has a va lue  which t akes  i n t o  account 
m,n 
t h e  a t t a c h e d  mass and d i s s i p a t i o n  a t  t h e  window. Its va lue  can be es t imated  
reasonably w e l l  by making use of t h e  formulae f o r  r a d i a t i o n  impedance 
derived i n  t h e  l a s t  chapter.  
From (1.3.9) t h e  r a d i a t i o n  impedance a t  t he  window i s  
The r a d i a t i o n  impedance a s  viewed by t h e  duct wi th  a cross s e c t i o n a l  
a rea  S (= ab)  i s  1 ( S  /S )2 because of t h e  ' transformer'  e f f e c t  of 'rad 1 2 
the  a rea  (11, p.220). Br ief ly ,  t h i s  e f f e c t  i s  due t o  t h e  f a c t  t h a t  while 
going from t h e  window t o  t h e  duct the  v e l o c i t y ,  fol lowing t h e  continuity- 
equation,  reduces i n  magnitude, while t h e  pressure  remains r e l a t i v e l y  mi- 
changed, consequently inc reas ing  t h e  force.  The s p e c i f i c  acous t ic  
impedance (p /v)  a t  t h e  entrance of t h e  duct  i s  given by ( 1 / ~  ) times t h e  
value of t h e  r a d i a t i o n  impedance: i . e . ,  1 
The s p e c i f i c  impedance can a l s o  be computed from (2.3.8) .  
I n  t h e  (m, n ) th  mode t h e  pressure amplitude along a plane very near 
t h e  entrance of t h e  duct i s  given by 
m3-x R cos - = i w p 0  m y n  n3-Y a cOs I ~ Q ~ , ~ I ;  
and t h e  v e l o c i t y  by 
mTx 
= k* R cos - n3-Y cos -
m,n m,n a b 
Equating t h e  two expressions f o r  t h e  s p e c i f i c  modal impedance gives 
r i s e  t o  
and t h e r e f o r e  
A more accu ra t e  e s t ima te  of Q can be made, and t h i s  i s  done i n  
t h e  next  s ec t ion .  m,n 
The next  t a s k  i s  t o  determine R . Since t h e  w a l l  a t  z = d i s  
m,n 
r i g i d  + = 0 a t  a l l  x, y. Hence, from (2.3.3)  and (2.3.7), 
2A "m,n s i n  k* d = R ( cos  kU - %,lT s i n  k* d), m,n m,n m,n m,n 
Theref o r e  
2A "m n s i n  k* d R = ,n 
m ~ n  (cOs kEyn" %.,n s i n  k* d )  
m,n 
and hence 
cos kX (d - z) 
mnx 
= 2 A  l a  cos-  cos - nnY m,n 
m ~ n  a b (cask% "E-Q s i n k "  dj 
m,n m,n rnsll m7n 
-iwt Replacing t h e  t ime f a c t o r ,  we s e e  t h a t  an incoming wave, A e  , gives 
r i s e  t o  a v e l o c i t y  p o t e n t i a l  i n s i d e  t h e  room o f  
- i w t  mnx cos k* ( d  - 2 )  
&e = 2A 1 o m ,  cos - nnY cos - m,n a b cos k;,nd - $,n s i n  kU d' ( 2 , 3 - 3 _ 3 )  
m>n 
The incoming p re s su re  i s  
and t h e  v e l o c i t y  i s  
- i w t  
v. = ikAe 
1 
I n s i d e  t h e  room t h e  p re s su re  i s  
c o s k U  ( d - z )  -iwt 
mnx nnY m ~ n  e 
p = ( i w p o ) 2 ~  1 0 ,  cos - cos - a b cos k i Y n d  - gyn s i n  k* d' 5 
m,n 
t h e  a x i a l  v e l o c i t y  i s  
mnx 
s i n  k* ( d  - z )  
v = 2A 1 a k* cos - nnY myn - i w t  C O S  -
a 
--d 
m,n m,n b cos k* d - Q, s i n  k* d 
m,n m,n m1n 
(2-3-15) 
and t h e  s p e c i f i c  impedance f o r  t h e  ( m y  n ) t h  mode i s  
'm,n 
ik co t  k* (d - z ) .  = (pot) 
m,n 
m,n 
The r a t i o  of t h e  pressure  i n  t h e  (m,  n ) t h  mode, a t  t h e  cent re  of t he  
window, t o  t h e  incoming pressure  P i  i s  given by 
) (pm,n - 20 
- 
m,n 
(pi ) 1 - Q t a n  k* d )  
m,n m,n 
This equation shows a highly modified form of t h e  quarter-wavelength 
e f f e c t .  
2.4 GRFEN'S FUNCTION FORMULATION 
The approach i n  (2 .3)  was e s s e n t i a l l y  based on a phys ica l  i n t e r p r e t a t i o n  
of t h e  problem. I t s  success was based on t h e  f a c t  t h a t  i n  t h e  time domain 
it l e d  t o  a  t ransform (to be descr ibed  i n  t h e  next r e p o r t )  which was e a s i e r  to 
i n t e r p r e t  i n  terms of a  mul t ip le- ref lec t ion  descr ip t ion .  
It was f e l t  necessary t o  formulate t h e  same problem on a more exact  
b a s i s  t o  understand t h e  impl ica t ions  of t h e  approximations more thoroaghly, 
An obvious method was the  i n t e g r a l  equation approach based on Green *s 
funct ions .  This method was a l s o  f e l t  t o  be  use fu l  when it came t o  include 
room-absorption . 
However, t h e  usual  formula f o r  rooms 
4nc2 2 2 2 R nx 
E E E C O S  -g(x3y ,z /x ' , y ' , z t )  = 1 mn z cos cos - x 
Rmn a b d 
Rnx' mny ' nnz' - i u t  
cos - cos -b cos -a d e  
- 2 2 
l e d  only t o  a modified form of the approach i n  2.2. 
Luckily, a discontinuous form was found i n  Morse and Feshbach 
(reference 18, p.1434) which leads t o  a r e s u l t  s imi la r  t o  2.3, 
In  Figure 2a l e t  ( x ' ,  y l ,  0 )  be an a r b i t r a r y  point  on the  window 
surface .  Let i t s  a x i a l  ve loc i ty  be described by a $ ( x ' ~ ~ ' , o )  By a z 
Green's theorem, the  p o t e n t i a l  $ g e n e r a t e d b y t h e  window i n  the  5 
i n f i n i t e  half-space, z < 0, due t o  the  ve loc i ty  d i s t r i b u t i o n  i n  the  
window i s  
where G i s  t h e  Green's function f o r  the  half-space, given by 
and the  Green's function f o r  i n t e r i o r  of t h e  room t o  be used i s  
-4rr ( 2 - 6  ) ( 2 - 6  ) 
g(x,y,z/x '  ,y' ,z ' ) =  o,m o,n ab k s i n k *  
m,n m,n m ~ n  
Therefore the  ve loc i ty  p o t e n t i a l ,  $1, ins ide  the  room i s  given by 
It follows from (2.4.4) t h a t  
4 .rr 
g(x,~Yz/x ' ,y 'Yo) = - mnxV 1 ( 2  - 6 ) ( 2  - 6 )f ( d , z )  cos ---- cos n-iiy.' >< ab 0 > a  o,m m,n a b 
m>n 
mrr x 
cos - cos - n:y , ( 2  > O ) ,  (2*4*6) 
a 
cos k* ( d  - Z )  
m,n f ( d  - z )  5 
myn k* s i n k *  d 
m,n m,n 
I f  t h e  r eg ion  t h a t  t h e  window occupies i s  denoted by s and if t h e  magni- 
W 
tude  of t h e  window a r e a  i s  given by S ( =  abA A ) ,  it fol lows from (1,2,9) 1 2  
t h a t  
For t h e  reg ion  t o  t h e  l e f t  of t h e  window, given by z < 0, an incoming 
i k z  
wave of p o t e n t i a l  @,, = Ae , gives  r i s e  t o  a block r e f l e c t e d  p o t e n t i a l  
I 
-ikz m 2  (=  Ae ). due t o  t h e  presence of t h e  b a f f l e .  The v e l o c i t y  sex u2 i n  
t h e  space occupied by t h e  window gives  r i s e  t o  an a d d i t i o n a l  p o t e n t i a l ,  05. 
For t h e  region occupied by t h e  room, i . e .  f o r  z > 0,  t h e  v e l o c i t y  d i s -  
t r i b u t i o n  a t  t h e  window c r e a t e s  t h e  p o t e n t i a l  $l. The condi t ion  f o r  t 3 e  
con t inu i ty  of v e l o c i t y ,  across  t h e  window, has a l ready  been used. The eon- 
d i t i o n  t h a t  t h e  p o t e n t i a l s  a r e  continuous ac ros s  t h e  window i s  expressed by 
equat ing  t h e  l i m i t i n g  values of t h e  p o t e n t i a l s  on both t h e  s i d e s ;  i,e,, 
2A + B ~ ( x , Y , ~ )  = @,(x,y,o) ( f o r  (x ,y )  l y i n g  i n  sW)  
(2 ,11,9)  
Therefore from equat ion (2.4.2) and (2.4.5) ,  
- 1 a @ 
= - 4n ( x V y y v  Y O )  I : G ( X . Y , O / X ~ , Y ~  , o )  + ~ ( x , Y , o / x ~  ,y9,or1 dxvdy-$ 
( f o r  a l l  x,y,  i n  s w ) .  (2 ,L ,10)  
g i s  a l ready  expressed i n  t h e  form of a sum over t h e  ind ices  m and 
a @ n .  Let  -(xv , , y 1 , 0 ) 2 ~  and ~ ( x , y , O / x '  ,y l ,O)  be a l s o  expressed i n  a a z 
s i m i l a r  fash ion:  
mnxt n r y  ' 
cos -a z a b ' (2 -11 .~11)  
mnx ' 2A = 1 ( 2 ~ 0  ) cos - nny " cos 
a b ' ( 2 , 4 , 1 2 )  
m,n 
m3n 
21  
m~rx ' nny I m~rx m~i-y 
~ ( x , ~ , ~ / x ' , y ' , O )  = Gm cos -cos -
Y b  
cos - cos -
a a b "  (2,4-,13) 
m,n 
I n  (2.4.12) a proper ty  of o has been used. This expansion would 
m,n 
l e a d  t o  t h e  c o r r e c t  va lue  of 2A over t h e  reg ion  sw. G i s  also f o ~ ~ i 6 .  
m,n 
by choosing t h e  t r u e  value of G over t h e  region s 
w ' For the rest of 
t h e  region t h e  choice i s  a r b i t r a r y  and it i s  most convenient t o  take it t o  
be zero. G can be eva lua ted  by mul t ip ly ing  both t h e  s i d e s  of ( 2 , 4 , i 3 )  
mTrxl m7n mTrx by cos -cos - nTry' cos - 
a b a cos and i n t e g r a t i n g  over t h e  area twice. b 
Thus 
mTrxl 
COS -
mTrx n w '  cos - cos -
a b a cos dx ' dy ' dxdy b ( 2 e h - m 1 4 )  
A s u b s t i t u t i o n  of (2.4.12) ,  ( 2 . 4 . ~ ) ~  (2.4.13) and (2.4.6) in (2-4-71 
l eads  t o  
rvm nGsnyn m ~ r x  1 n + - 6  cos - = a b f (d,O) 1 
,>I3 
m, n 0 ,m m,n 
>: rr Try 
cos - ees - 
>; b ( 2 * h e 1 5 )  
This expression i s  v a l i d  f o r  a l l  (x, y )  nin s It follows therefore 
t h a t  w 
A s u b s t i t u t i o n  of  (2.4.11) and (2.4.6) i n  (2.4.5) l eads  t o  an 
expression f o r  +: 
mTrx cp = 1 V f (d ,  z )  cos - cos - nll-Y 
myn m,n a b 
m,n 
It fol lows,  from t h e  d e f i n i t i o n  of f (d ,  z )  ( ( 2 . 4 . 7 ) ) ,  that $ 
can a l s o  be expressed as  m,n 
c o s k *  ( d - z )  
mrx m,n (p = 1 2Ao cos - cos - 
m ~ n  a b cos k i ,nd  - $,,sin k* d 
m,n 
(2,4,19) 
where 
The correspondence of t h e  equat ions (2.4.19) and (2.3.15 ) i s  striking, 
Equation (2.4.20) can be used t o  ob ta in  a more accura te  value of  Q,m,n. From equat ions (2.4.14) and (2.4.20) it follows t h a t  
k* ( a b )  
m,n Q = ( 2 - 6  ) ( 2 - 6  
m,n 0 ,m 0 ,n ) 1 1 1 1 G ( X , Y , O / X ' , J ~ ' , O )  s2 
S s 
W W 
mrx' mrx 
COS - nny9 cos -cos -b cos - nry dx' dy b d y  . b (2.4.,21) a a 
I f  i n  t h i s  equat ion,  t h e  averaged value of G be s u b s t i t u t e d  and if t h e  
i n t e g r a t i o n  be c a r r i e d  ou t ,  
It can be r e a d i l y  v e r i f i e d  t h a t  t h i s  agrees wi th  t h e  value obtained 
i n  s e c t i o n  (2.3)  f o r  m =O and n = 0.  A b e t t e r  value f o r  Q can be 
m,n 
obtained by ca r ry ing  out t h e  i n t e g r a t i o n  i n  equat ion (2.4.21).  Far t h e  
purpose of t h e  p resen t  work, equat ion (2.4.23) i s  q u i t e  s a t i s f a c t o r y ,  The 
expression (2.4.19) w i l l  be made use of t o  obtain the  time domain response 
t o  a  son ic  boom s i g n a l .  
3 .1 MODE DISTRIBUTION FUNCTIONS: INTRODUCTION 
The necess i ty  f o r  t h e  d i s t r i b u t i o n  funct ions  a r i s e s  when t h e  boundary 
condit ions of a  duct wi th  a  cross s e c t i o n a l  a rea ,  S t ,  a r e  t o  be matched along 
an o r i f i c e  with a  cross s e c t i o n a l  a rea  S. The d i s t r i b u t i o n  func t ions  rep- 
r e sen t  a  s u i t a b l e  d i s t r i b u t i o n  of t h e  disturbance along s ' .  .Then the 
disturbance incorpora tes  a  phase v a r i a t i o n ,  t h e  d i s t r i b u t i o n  funct ions  
become complex t o  account f o r  t h e  phase va r i a t ion .  This w i l l  be observed 
i n  (3.3).  Certain p roper t i e s  of these  funct ions  a r e  derived i n  (3,4), 
3.2 DISTRIBUTION FUNCTIOR FOR A WINDOW AT A CORNER 
FIGURE 3 
Front view of a  room having a window i n  a  corner .  
When t h e  window is  not  c e n t r a l l y  s i t u a t e d ,  we can apply exact ly  t h e  
same procedure as  i n  2 .3  t o  obtain cs 's. Once these  a r e  obtained,  t h e  
m,n 
r e s t  of the  procedure remains unaffected.  
To i l l u s t r a t e  t h e  na ture  of t h e  r e s u l t s  t o  be expected, consider the  
window shown i n  Figure 3. I t s  dimensions along x i s  ah and along 
y i s  bh2; one of i t s  corners  i s  a t  0. It i s  requi red  tAat 
cos - nnY 1 5m,n mrx cos - = 1, f o r  x,y i n  t h e  window, a b 
m,n (3-2*1) 
= 0,  f o r  x, y outs ide .  
Therefore, i n t e g r a t i n g  over t h e  whole a rea ,  a f t e r  mult iplying through by 
mrx 
cos - cos - 
a 
nry , gives b 
ab o s i n  mrX s i n  nrX 
m ~ n  = abX1X2 1 2 
(2-6 ) (2-6 mrX nrh2 y 
o,m o ,n )  
an d 
s i n  inrh s i n  nrX 
5 - 
m,n - '1'2 ( 3 - 2 * 2 1  
It can be noted t h a t ,  i n  general ,  both m and n can be both o?d 
and even. 
3.3 DISTRIBUTION FUNCTION FOR OBLIQUE INCIDENCE 
FIGURE 4 
Case of an obliquely inc iden t  wave 
Figure 4 shows an obl iquely  inc iden t  wave on a window which i s  ce l i t r a l l y  
s i t u a t e d  i n  a w a l l  of  a room which has t h e  same dimensions a s  t h e  room shown 
i n  Figure 2. Let t h e  d i r e c t i o n  of wave propagation make an angle 0 "c t h e  
ho r i zon ta l ,  as shown. 
The ' terminated duct '  approach of 2.3 i s  found use fu l  here ,  Thus t h e  
incoming p o t e n t i a l  can be wr i t t en  as  
ikz  cos 8 -iky s i n  8 4, = Ae e 
and the  'b lock-ref lec ted '  p o t e n t i a l  as  
-ikz cos 8 -iky s i n  8 
+2 = Ae e 
This produces a  d r iv ing  p o t e n t i a l  ( see  2 .3 ) ,  a t  z = 0,  given by 
-iky s i n  8 (61 + +2)z=O = 2Ae 
Now t h e  5 ' s  a r e  requi red  t o  s a t i s f y  
m,n 
-iky s i n  8 - 
e mrx 
- 1 'm,n cos -a cos 3L ( x , Y )  i n  t h e  window, 
= 0 ,  ( x , y )  outs ide  t h e  window. ( 3 . 3 . i )  
Thus 
-iky s i n  8 
e  co s COS 
b 
,(l+h2) 
m/2 
s i n  8 
= (-1)  m ( a l )  1 e -iky s i n  0 IITT~T e eos - dy 
m 13 b 
4 1 - h e )  2  
= 0, m odd. (3.3.5) 
Now i f  k = - k  s i n e ,  2 
b b 
- 0 - h 2  2 ) F( I+" 
-iky s i n  0 nry  
cos -dy  = 2 b J .iky cos - 
b b 
n:Y 
F ( l + h 2  1 -( 1 - h 2  ) 2 
n Ji. k2bh2 n.X2 + i s i n  - cos - - k2bX2 k2 cos -2 2 2 s i n  - 2 PSin- 
L 
From equat ions (3.3.5)  and (3.3.6) 
- 
2 e 2 
- 
G = 0, i f  m be odd, 
m,n 
- 
n. I n. k2b h2 n.X2 k2bX2 nnh2] 
cos - 2 1- -5 cOs - s i n  - - k s i n  - 2 2 2 2 eos - '
_1 
- 
m,2 s i n  i 
= ( 2  - S ) h l ( - l )  m 
0 ,m 
E ( s a y ) ,  if m b e  even, (3.3.7') 
'm 
where 
kbA2 s i n  0 n.X2 - 
- i s i n i s i n  [ cos,] , -re;rei 
-ibk s i n  8 
n + l  2 i ( - 1 )  -e kbh2 s i n  8 nn X 2 2 
- 
2 
2 [ % s i n [  ] s i n -  nn 2 
) - ( k  s i n  8 ) 
2 
- k s i n  0 cos ] s i n  
( 3 . 3 . 8 )  
It can be seen t h a t  E and consequently a i s  complex. For 
n ' m,n3 
a c e n t r a l l y  s i t u a t e d  window a i s  zero f o r  m and n odd i n  the ease 
m,n 
of normal incidence. However, f o r  obl ique incidence t h i s  ceases to be 
s o  and consequently more modes a r e  generated. 
If the  d i r e c t i o n  of propagation i s  oblique with r e spec t  t o  both the 
axes,  t h e  r e s u l t  i s  
where E i s  defined i n  a fashion s i m i l a r  t o  En. 
m 
3.4 SOMFl PROPERTIES OF DISTRIBUTION FUNCTIONS 
A few genera l  p rope r t i e s  o f t h e  various a ' s  encountered so f a r  
a r e  derived here.  m,n 
Consider f i r s t l y  t h e  c e n t r a l  window case : 
mn x nnY - a a 
cos - cos -- 
b 
I 'm,n a b 1, if z(l-)il) < x < B ( l + h 2 )  and F ( l - h , , )  L < y 
= 0 outs ide .  
Except when hl o r  h2 i s  un i ty ,  i f  x = 0, y = 0 ,  then 
a 
and i f  x = -, 2 y = , then 
Choose a l s o  
VVY - ynx (-0s -- 1, i n  window 
min 'm,n cos -a b '0, outs ide  window 1 . (3.4-4) 
Multiply both  s ides  of  equations (3.4.4) and (3.4.1) t o  get  
mn x 
cos - cos - VTY COS n.rry = unx cos - 1 E 'm,naU,v a a  b b iO1. (3-4.5) 
u,v m,n 
I n t e g r a t i n g  over t h e  a rea  and us ing  t h e  or thogonal i ty  proper ty  results i n  
Consider now t h e  d i s t r i b u t i o n  funct ion  f o r  oblique incidence : 
= 0 outs ide .  
Therefore 
= 0 outs ide .  
Mult iplying and i n t e g r a t i n g  as before  r e s u l t s  i n  
3.5 COMPUTATION OF a 
m,n 
A computer programme has been developed t o  compute a $s f o r  
various window s i z e s .  m ~ n  
Some of t h e  r e s u l t s  obtained a re  i l l u s t r a t e d  i n  Figures 5, 6 and 7, 
Figure 5 shows some of t h e  a  ' s  f o r  window s i z e s  given by XI = A, = 0-1. 
m,n L 
Only two s e t s  a re  shown f o r  t h e  sake of c l a r i t y .  
I n  Figure 6, t h e  absolu te  values a r e  p l o t t e d  f o r  s e v e r a l  values of n ,  
The c h a r a c t e r i s t i c  window r a t i o s  a r e  0.4 and 0.5. A l l  (10, n )  modes a re  
seen t o  be zero because of t h e  p a r t i c u l a r  value of X1 chosec. 
Figure 7 i s  a  normalised p l o t  of t h e  absolu te  values of s e v e r a l  window 
s i z e s .  It can be seen t h a t  when t h e  window occupies a  s u b s t a n t i a l  p m t  of 
t h e  cross s e c t i o n a l  a rea ,  t h e  lower modes a r e  more predominant and values of 
t h e  d i s t r i b u t i o n  funct ion  reduce r a p i d l y  a s  we go t o  the  higher modes, 
whereas, f o r  windows which occupy very smal l  cross-sect ions,  t h e  values are 
r e l a t i v e l y  l e v e l .  Thus a  l a r g e  number of higher  order  modes have t o  be 
taken i n t o  account t o  b u i l d  up a  r e a l i s t i c  descr ip t ion .  
CONCLUSIONS 
The u l t ima te  aim of t h e  work i s  t o  formulate an a n a l y t i c a l  method 
which i s  capable of p red ic t ing  t h e  c h a r a c t e r i s t i c s  of t h e  t r a n s i e n t  pressure 
f i e l d  i n s i d e  a  room once t h e  c h a r a c t e r i s t i c s  of t h e  inc iden t  boom are luiown, 
I n  t h i s  p a r t  of the  r e p o r t ,  a t t e n t i o n  was focused on t h e  s teady s t a t e  
response. A simple model of t h e  room was used t o  ob ta in  t h e  pressure 
f i e l d  i n s i d e  a  room with hard wal ls .  
The sound f i e l d  i n s i d e  t h e  room, shown i n  Figure 2a, due t o  an incoming 
harmonic wave of amplitude A i s  given by (2.3.15).  The s p a t i a l  v a r i a t i o n  i s  
through t h e  terms i n  x,  y  and z .  The d i s t r i b u t i o n  funct ions  o depend 
m,n 
on t h e  r e l a t i v e  s i z e  of t h e  window and t h e  pos i t ion  of t h e  window, It is 
shown i n  3.3 t h a t  f o r  an oblique incidence t h e s e  funct ions  become complex, 
The parameter Qm,n' which represents  t h e  e f f e c t  of both t h e  i n e r t i a  and 
d i s s i p a t i o n  a s soc ia t ed  with t h e  window has been est imated i n  2.3 and a 
b e t t e r  value f o r  it i s  found i n  2.4, a s  seen i n  2.4.20. The cont r ibut ion  
of each mode goes t o  i t s  maximum when cot  k*d = This i s  t i e  
'genera l i sed '  qua r t e r  wave-length e f f e c t ,  as  can be seen by s e t t i n g  rn = n 
= Re(% ,) = 0. 
Y 
For every mode t h e r e  i s  a  frequency below which k* becomes imagi- 
m,n 
nary. The cont r ibut ion  due t o  t h e  mode, a t  a  po in t ,  then a l t e r s  considerably. 
Deta i led  ca lcu la t ions  i n  t h i s  case have not been presented because in 
f u r t h e r  work t h e  expressions have been converted i n t o  t h e  time domain and 
e x p l i c i t  expressions have been obtained which enable t h e  d e t a i l e d  ca lcula t ions  
t o  be made d i r e c t l y .  These ca lcu la t ions  i l l u s t r a t i n g  various r ep resen ta t ive  
cases a r e  t o  be presented  i n  P a r t  I1 of  t h i s  r epor t .  
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